ABSTRACT. It is shown that for some constants c > 0, A > 0, the asymptotic for the number of positive non-square discriminants D < x with fundamental solution εD < x 1 2 +α , 0 < α < c, remains preserved if we require moreover
INTRODUCTION
We prove the following, related to McMullen's conjecture on quadratic number fields. +α .
Here A, c > 0 are absolute constant and α 0 > 0 arbitrarily small and fixed.
Remark 1. According to the work of Hooley [H] and Fouvry [F] , for 0 < α ≤ In [H] , Hooley also conjectures asymptotics for α > 1 2 of the form
Thus in the range α 0 < α < c, Theorem 1 recovers most of these discriminants.
Remark 2. Exploiting Theorem 1.12 in [Mercat] , the Theorem will follow from the following statement.
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|{D ≤ x; D non-square and such that the Pell equation t 2 − Du 2 = 1 has a solution with t < x 1 2 +α and with the additional property that for some integer a < t, (a, t) = 1, a t has partial quotients bounded by A}|
In order to prove (1.3), we combine Hooley's approach recalled below with the results from [B-K] around Zaremba's conjecture. Denote Z = {t ∈ Z + ; there is 0 < a < t, (a, t) = 1 such that a t has partial quotients bounded by A}.
(1.4)
Observe that if t 2 − Du 2 = 1 and t < D, then necessarily t + u √ D is the fundamental solution ε D , since otherwise
The left side of (1.5) is clearly minorized by
The expression (1.7) was evaluated in [H] and [F] . We recall the argument.
Next, recalling [F] , (24), (25) 
Substitution of (1.10), (1.11) leads to the required minoration
It remains to bound (1.8).
We estimate (1.8) as follows
where U takes dyadic values.
We rely on the following statement, to be proven in the next section.
Proposition 2. There is a constant
(1.14)
Estimate (1.12) by O( √ x) and, assuming α < c 1 2 (1.15) and using the Proposition, also (1.13)
This proves the Theorem. Some of this analysis will also be used here.
We need to show that
The condition n ∈ Z will be replaced by θ(n) = 0.
The major arcs analysis in the circle method leads to a singular series density
Therefore it will suffice in order to establish (2.1) to show that
Denote η = θ − σ andη(α) = n η(n)e(nα), α ∈ R/Z, its Fourier transform.
By Parseval,
Since the function σ was obtained in [B-K] by restriction ofθ to the major arcs set
with Q 0 = e c(log N ) 1/2 say, we may in (2.4) replaceη byθ| T\M .
Let c 0 < 1 10 6 and
We recall several estimates from [B-K] related to the minor arcs analysis.
Lemma 1.
T\Vc 0
for some c 2 > 0.
From the preceding, we may estimate (2.4) by 1 
with C some absolute constant.
The next statement is obtained by an easy variant of the proof of Prop. 6.21 in
Lemma 3. Assume given for each q ∼ Q a (possibly empty) subset S q of the
A duality argument permits then to derive from (2.11).
Lemma 4. For |β|
Let Λ ⊂ {q ∼ Q}. Combining (2.13) with (2.10) gives
(2.14)
Returning to (2.3), (2.4), estimate (writing
If q|u 2 , there is q 1 |u such that q 1 |q, q|q 2 1 . Hence
(2.16)
Recall thatθ 0 =θ1 Vc 0 \M . Hence, either
or, since in particular D < N c 0 , β ∈ V 2c 0 is of the form
We evaluate first the contribution (2.17) to (2.16). We obtain
where Q, Q 1 take dyadic values and Λ Q,Q 1 = {q ∼ Q; q 1 |q and q|q 2 1 for some q 1 ∼ Q 1 }.
Application of Lemma 5 gives
as required in (2.3).
Consider next the contribution of (2.18). Write 
